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1. Goals, Approach, and 
Outline. 



Goals. 

• Review the basic physical model and 
equations of point-mass gravitational 
microlensing. 

• Overview the essential phenomenology of 
single-lens and binary-lenses 

• Gain a familiarity with the underlying 
causes of the rich and complex observable 
properties of light curves. 



Approach. 

•  Start with the mathematical basis of point-
mass microlensing. 

•  Show how the structure of the lens equation 
and its solutions can be used to derive and 
understand the observable properties. 

•  Focus on limiting cases and local behaviors. 
• Relate observable features to underlying 

model to build intuition.   



Outline. 

•  Basic (small N point mass) Microlensing 
–  The Time Delay Surface 
–  The Lens Equation and Images 
–  Magnification, Caustics and Critical Curves 
–  Lightcurves 

•  Examples: 
–  The Single Lens 
–  Binary Lenses 
–  Planetary Lenses 
–  Multiple Planets 

•  Phenomenology 
•  Test 



II. Basic Microlensing. 
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Dls
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D−1 ≡ Dl
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1. Assumptions. 

– Point masses 

– Single, thin screen 

– Small angles 

– Non-relativistic motion 

radii << RE

 Δr || << Dl ,Dls

vrel <<  c

RSch << Dl ,Dls



2. Time Delay. 

•  Time delay between light 
rays of different θ relative 
to a straight trajectory β. 

•  Delay caused by two 
effects: 
–  Geometric Delay caused 

by extra path length. 
–  Shapiro Delay caused by 

the slowing down of the 
photons due to gravity of 
the lenses. 

Dl

Dls

Ds



Geometric Time Delay. 

•  Quadratic Form: 

 
τGeo =

Δt
Δt0

=
1
2
(θ − β)2

where Δt0 =
D
c



Shapiro Delay. 

•  Integral of surface 
density over θ 

•  Critical surface density: 

•  For point masses: 

τ Shapiro(θ ) = −
1
π

d ʹ′θ∫ Σ( ʹ′θ )
Σcrit

ln θ − ʹ′θ

Σcrit =
c2D
4πG

Σ = Mδ(θm ) τ Shapiro,i (θ ) = −
4GMi

Dc2
ln |θ −θm,i |



Total Time Delay. 

•  N+1 terms for N-lens 

•  Images are located at 
the stationary points of  
the time delay surface 
(Fermat’s principle) 

•  i.e., Maxima, minima, 
saddle points 

τ (θ ) = 1
2
(θ − β)2 − 4GMi

Dc2
ln |θ −θm,i |

i=1

N

∑



Stationary Points. 

•  Three generic kinds: 
– Minima. 
– Maximum. 
– Saddle. 



Usefulness of Time 
Delay Formulation. 

•  Qualitatively understand 
structure and magnification of 
images: 

•  Images are at stationary points. 
•  Lensing is a mapping from 

source to images, given by 
where gradient of the time delay 
surface is zero. 

•  Magnification inversely 
proportional to curvature at 
image positions (second 
derivative).  

•  Always create images in pairs: 
odd image theorem. 

How many images?	




3. The Lens Equation. 

• General form for point masses. 

∇τ (θ ) =θ − β − 4GMi

Dc2
θ −θm,i

|θ −θm,i |
2

i=1

N

∑ = 0

β =θ −
4GMi

Dc2
θ −θm,i

|θ −θm,i |
2

i=1

N

∑



Point Mass Lens 
Equation. 

• N=1, assume lens is at the origin: 

•  Also, circular symmetry, images along the 
line connecting the source and lens 

β =θ −
4GMi

Dc2
θ −θm,i

|θ −θm,i |
2

i=1

N

∑

β =θ −
4GM
Dc2

1
θ

β =θ −
4GM
Dc2

θ
|θ |2
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Alternate Derivation. 
•  Light ray from the 

source passing by the 
lens gets bent by an 
angle  

•  Heuristically, this can 
be estimated by 
assuming a photon 
will feel a velocity kick: 

O

I

S

L
β

θ
αd

αdˆ

Dl 

Ds

β =θ −αd =θ −
Ds − Dl
Ds

⎛

⎝
⎜

⎞

⎠
⎟α̂d

α̂d

4 

b	


β =θ − αd (θ) =θ −
Ds − Dl

Ds

⎛

⎝
⎜

⎞

⎠
⎟α̂d (θ) =θ −

Ds − Dl

DsDl

⎛

⎝
⎜

⎞

⎠
⎟
4GM
c2θ

=θ −
4GM
Dc2θ



Einstein Ring Radius. 

• Define the angular Einstein ring radius: 

•  The lens equation for a single lens is then: 

θE
2 =

4GM
Dc2

β =θ −
θE
2

θ



Einstein Ring Radius. 

•  If we scale all angles by θE: 

•  The lens equation for a single lens is quite 
simple: 

y ≡ θ
θE

;  u ≡ β
θE

u = y− 1
y



Binary Lens Equation. 

•  N=2: 

•  Can simplify two ways: 
– Scale angles to θE corresponding to total lens mass  
– Use  complex coordinates: 

β =θ −
4GM1

Dc2
θ −θm,1

|θ −θm,1 |
2 −

4GM 2

Dc2
θ −θm,2

|θ −θm,2 |
2

y ≡ θ
θE

;  u ≡ β
θE

ζ ≡ u1 + iu2;  z ≡ y1 + iy2



Complex Binary Lens 
Equation. 

•  N=2: 

•  Where εi=Mi/Mtot. 
•  Finding the images for a given source position ζ and lens 

mass fractions ε1 and ε2 with locations zm,1 and zm,2 
requires solving this equation for z. 

•  The image positions (in units of θE) depend only on the 
mass ratio q, the projected separation between the two 
masses s in units of θE, the location of the source relative 
to the two masses.  

ζ = z− ε1
z − zm,1

−
ε2

z − zm,2



4. Images. 

•  How many images? 
–  Clearing fractions and complex conjugates yields a complex polynomial of order 

N2+1 in z, thus there are N2+1 possible solutions or images. 
–  For N=2, there are at most 5 images. 

•  How do you solve the polynomial?  
–  No analytic solutions for N>1, thus must be solved numerically. 
–  Laguerre’s method (numerical recipes, etc.) 

•  Not all solutions of the polynomial are solutions of the lens equation! 
•  Must plug trial solutions into the lens equation to see if they also solve the 

lens question. (In fact, the largest number of images is 5(N-1)< N2+1 for N>3)  

ζ = z − εi
z − zm,ii=1

Ν

∑



Lensing as a Mapping. 

•  Lensing can be thought of as the inverse of 
the mapping from the image plane to the 
source plane. 

•  This is an inverse mapping, an generally is 
non-linear and multi-valued. 

•  As a result: 
– Multiple images 
– Distortion and (de)Magnification 
– Singularities 



Example: Single Lens. 



4. Magnification. 
•  Lensing conserves surface brightness. 
•  Because of the mapping, the area of the 

images is not necessarily equal to the 
area of the source.  Thus the source is 
(de)magnified. 

•  The magnification of each image is just 
the amount an source area element is 
‘stretched’, which is given by the (inverse) 
of the determinant of the Jacobian of the 
mapping from image to source. 

Aj ≡
1

det J z=z j

,   detJ ≡ ∂(u1,u2 )
∂(y1, y2 )

=1− ∂ζ
∂z

∂ζ
∂z



Parity and Total 
Magnfication. 

•  Image magnifications can be positive or negative, 
corresponding to the parity (handedness) of the 
images. 

•  In microlensing, we usually don’t resolve the 
separate images, because the scale of the 
Einstein ring is very small. 

•  Thus, we are typically only concerned with the 
total magnification: 

Atot = | Aj |
j=1

Nimages

∑



Singularities. 

• Most strong gravitational lenses have 
singularities: source positions where the 
mapping is singular and detJ=0. 

•  Thus an (infinitesimally small) area element 
in the source plane gets mapped to an 
infinitely large area element in the image 
plane. 

•  Point sources at these positions have 
formally infinite magnification. 



Familiar example. 

•  Cylindrical projections 
of the globe typically 
have singularities near 
the poles. 

•  A familiar example is 
the Mercador 
projection. 

•  Positions near the 
poles have large 
Jacobians under this 
mapping. 



Single lens. 

•  Recall the lens equation for a 
single lens: 

•  At u=0, all images with y=1 solve 
the lens equation (regardless of 
angle).  

•  Source aligned with the lens is 
lensed into a ring: the Einstein ring. 

u = y− 1
y



General Case. 

•  Singularities are located where: 

•  From the lens equation: 

•  Thus 

detJ =1− ∂ζ
∂z

∂ζ
∂z

= 0

∂ζ
∂z

=
εi

(zm,i − z )
2

i=1

Ν

∑

det J = 0 where εi
(zm,i − z )2

i=1

Ν

∑
2

=1



5. Critical Curves and 
Caustics. 

•  The set of all image positions z where detJ=0 
define closed critical curves. 

•  The corresponding set of source positions define 
closed curves called caustics. 

•  Find the critical curves parametrically by solving 
the equation: 

•  Which corresponds to a polynomial of degree 2N.  
Thus there are at most 2N separate critical 
curves and caustics. 

εi
(zm,i − z )

2
i=1

Ν

∑ = eiϕ



Critical Curves/Caustics. 

•  For purely point masses:  
•  Critical curves are closed, 

smooth curves;  
•  Caustics are concave 

curves that meet at points;  
•  Topology (number and 

connectivity) of critical 
curves/caustics depends 
on lens positions and 
masses. 

s=0.9, q=0.2	
 s=0.7, q=0.2	




Caustics of N>2 Lenses. 

•  The caustics of single 
and binary lenses are 
disjoint and do not 
cross. 

•  For N>2, the caustics 
can be quite 
complicated. 

•  Can exhibit self-
intersection and 
nesting. 

(Rhie 1996)	


Caustics for N=3 	




Types of Catastrophes. 

•  Encounter three general 
types of catastrophes:  
– Point (u=0 for point lens)  
– Fold 
– Cusp 

•  The local behavior of all of 
these catastrophes is 
universal. 

•  Other, higher-order 
catastrophes are not 
stable for point masses 
and single lens planes.  



Point Caustic. 

•  Found in a pure single 
lens. 

•  Two images are highly 
magnified with roughly 
equal magnification. 

•  Magnification scales 
as: 

A∝ u−1



Fold Caustic. 

•  Found in single lenses 
with shear, N≥2 

•  Two images are highly 
magnified with roughly 
equal magnification for 
u>0, no images for u<0 

•  Magnification scales as: 

A∝Δu⊥
−1/2Θ(Δu⊥ )

Δu⊥→	


(Gaudi & Petters 2002) 	


Demo!	




Cusp Caustic. 

•  Found in single lenses 
with shear, N≥2 

•  Three images are highly 
magnified inside the 
cusp. 

•  One highly magnified 
image outside the cusp.  

•  Magnification on cusp 
axis scales as: 

A∝Δuc
−1

Δu→	


(Gaudi & Petters 2002) 	


Demo!	




Cusp Caustic Cont. 

•  Two images are 
divergent as the 
source approaches 
the caustic. 

•  One image is 
continuous across the 
caustic. 

•  “Lobe” of high 
magnification just 
outside cusp. 

(Gaudi & Petters 2002) 	




Finite Sources. 
•  The magnification is only divergent for point sources. 
•  For finite-sized sources, the magnification is finite, and 

differs from the point-source magnification. 
–  By a few % for sources less than a few radii from a caustic. 

•  Magnification for a finite source can be found by 
integrating the point-source magnification over the source 
–  Costly and difficult to implement. 

•  Better to integrate in the image plane 
–  Magnification is ∝ Area of Images/Area of Source 
–  Many algorithms exist (see talks by Bennett, Bozza). 

•  (Semi-)Analytic expressions exist for some cases: 
–  Point lens, high-magnification, small source 
–  Fold caustic 
–  Cusp along axis 
–  Point lens, large source. 



6. Lightcurves. 

• Continuous set of source positions. 
• One-dimensional slice through the source 

plane. 
•  Simplest assumption: rectilinear trajectory. 

– Constant velocity of source, lens, observer. 
•  Because caustics are closed curves, 

caustic crossings come in pairs. 



Generic Behavior Near 
Caustics. 

(Gaudi & Petters 2002) 	




Generic Behavior Near 
Caustics. 

Δu⊥→	
Time→	


(Gaudi & Petters 2002) 	




Generic Behavior Near 
Caustics. 

(Gaudi & Petters 2002) 	




Generic Behavior Near 
Caustics. 

(Gaudi & Petters 2002) 	




III. The Point Lens. 



Time Delay Surface. 

•  Two terms 

•  Two stationary 
points=two images. 

•  Major image=minimum 
•  Minor image=saddle 

point. 

τ (θ) = 1
2
(θ − β)2 −θE

2 ln |θ |



Point Mass Lens 
Equation. 

•  Lens Equation from the divergence of the 
time delay surface: 

•  Scaling by the Einstein ring radius: 

β =θ −
θE
2

θ

u = y− 1
y

y ≡ θ
θE

;  u ≡ β
θE

where	




Two Images. 

•  Solutions of the lens 
equation: 

•  Major image, outside the 
Einstein ring, on the same 
side of the lens as the 
source. 

•  Minor image, inside the 
Einstein ring, on the 
opposite side of lens as 
the source. 

y± = ±
1
2

u2 + 4 ± u( )
L	

S	


I+  	


I- 	




Scales. 

• Rewrite the angular Einstein ring radius: 

•  And the relative lens-source parallax is: 

θE = κMπ rel( )1/2

π rel ≡
AU
D

 
κ ≡

4G
c2AU

≈ 8.144 mas
M⊙

where	




Scales cont. 

•  For typical bulge lensing: 

•  And so 

 

θE ~ 1 mas M
M⊙

⎛

⎝
⎜

⎞

⎠
⎟

1/2

Dl ~ 4 kpc, Dl ~ 8 kpc, Dl ~ 8 kpc, π rel ~ (1 / 8) mas



Magnifications. 

•  Can be derived 
simply: 

•  Note that: 
•  Total magnification: 

L	

S	


I+  	


I- 	


A± =
y±
u
dy±
du

=
1
2

u2 + 2
u u2 + 4

±1
⎛

⎝
⎜

⎞

⎠
⎟

A+ − A− =1

A = u2 + 2
u u2 + 4



Limits. 

• Limits: 

• Also: 

A+ →1 as u→∞

A− → 0 as u→∞

A ≈ 1+ 2u−4  for u >>1

A+ ≈ A−; A ≈ u
−1  for u<<1

(Paczynski 1996) 	




Lightcurves. 

•  Rectilinear trajectory 

u(t) = τ 2 + u0
2( )1/2

τ =
t − t0
tE

where	






Einstein Timescale. 
•  Time to cross the angular Einstein ring radius. 

•   µ is the relative lens-source proper motion. 
•  Timescale is a degenerate combination of the 

lens mass, lens and source distances, and the 
lens and source relative proper motion. 

•  Median timescale for events toward the bulge is 
~20 days; range from a few to hundreds of days. 

tE ≡
θ E

µ



IV. Binary Lenses. 



Binary Lens Equation. 

•  This results in a fifth-order complex polynomial. 
•  There are either 3 or 5 images, depending on whether the 

source is interior (5) or exterior to (3) a caustic curve.  
•  The topology (number and shape) of the caustics depend 

only on the mass ratio q, the separation between the two 
masses s 

•  The image positions in units of θE depend only on q, s, and 
the location of the source relative to the two masses.  

ζ = z− ε1
z − zm,1

−
ε2

z − zm,2



Binary Lens Caustics. 

•  Essential for 
understanding binary-lens 
lightcurve phenomenology. 

•  Three different topologies 
with 1, 2, or 3 caustic 
curves. 

•  Close topology - 3 
caustics. 

•  Intermediate/resonant 
topology - 1 caustic. 

•  Wide topology - 2 
caustics. 





s=2	




s=2-1/2	














Degeneracies. 

•  Binary lenses are prone to degeneracies: 
different parameter combinations can give 
rise to similar light curves. 

•  Some of these degeneracies are 
accidental. 

•  Some arise from symmetries in the lens 
equation itself in certain limits. 



Close/Wide Degeneracy. 

•  In the limit of s>>1 or 
s<<1 (very close or 
very wide binary 
lenses: 

•  Taylor expansion 
yields identical lens 
equation (up to an 
overall translation) 
under the substitution: 

sw ↔ sc
−1(1+ q)1/2  up to order sw

−2 , sc
2

q = 0.4,  sc = 0.1,  sw =10.49



Chang-Refsdal Lens. 

•  Close/Wide binary lenses 
(q~1) are approximated by a 
Chang-Refsdal lens with 
0<γ<1. 

•  Single lens with constant 
external shear γ=qsc

2.  

ζ = z− 1
z
− γz

(Dominik 1999)	






(Gaudi & Petters 2002) 	




(Gaudi & Petters 2002) 	




V. Planetary Lenses. 



Caustics. 

•  As q→0, the range of 
s for intermediate 
resonant caustic 
shrinks as q1/3: 

sc ≈ 1−
3
4
q1/3

sw ≈ 1+
3
2
q1/3
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Magnification Patterns. 



Close Planetary 
Perturbations. 

•  Source approaches two 
triangular “planetary” 
caustics of a close (s<1) 
planetary lens. 

•  Caustics are located at a 
distance from the primary of 

•  Caustic size scales as q1/2s3 

•  Corresponds to a Chang-
Refsdal lens with γ =s-2 >1 
for q<<1 . 

s=0.80	


uc ≈ s − s−1



Wide Planetary 
Perturbations. 

•  Source approaches the 
asteroid-shaped “planetary” 
caustic of a wide (s>1) 
planetary lens. 

•  Caustics are located at a 
distance from the primary of 

•  Caustic size scales as q1/2s-2 

•  Corresponds to a Chang-
Refsdal lens with γ =s-2 <1 
for q<<1 . 

s=1.25	


uc ≈ s − s−1

(t-t0)/tE	




Perturbing Images. 

•  Planetary caustic 
perturbations occur 
when the planet is 
perturbing one of the 
two images of the 
primary lens. 

•  Other image is 
unaffected. 



Major Image 
Perturbation. 

•  Wide, positive planetary 
deviations correspond to 
when the planet is 
perturbing the major 
(minimum) image. 

•  Duration ~q1/2tE 
•  Caustic is located where 

the planet-star separation 
is equal to the major 
image separation, i.e., 
where y+ =

1
2

u2 + 4 + u( ) = s
thus → uc = s − s

−1



Minor Image 
Perturbation. 

•  Close, negative planetary 
deviations correspond to 
when the planet is 
perturbing the minor 
(saddle) image. 

•  Duration ~q1/2tE 
•  Caustic is located where 

the planet-star separation 
is equal to the major 
image separation, i.e., 
where y− =

1
2

u2 + 4 − u( ) = s
thus → uc = s − s

−1



Central Caustics. 

•  Asymmetric arrowhead shape with 
four cusps. 

•  One cusp points toward planet. 
•  Three cusps at the “back end” 

point away from planet.  
•  On-axis cusp pointing toward 

planet is “strong”. 
•  Other on-axis cusp is “weak”. 
•  In the limit q<<1 and |s-1|>>q, 

–  caustic size scales as q. 
–  shape depends only on s (more 

asymmetric as s→1) 
–  Invariant under s ⇔s-1 



Central Caustic 
Perturbations. 

•  Always occur near peak of 
high-magnification events. 

•  ⊥ to axis, on same side as 
planet → positive deviations 

•  ⊥ to axis, on same opposite 
side as planet → negative, 
“U”-shaped deviations 

•  || to axis → small deviations. 



Extreme Binaries versus 
Planets. 



(Han & Gaudi 2008)	




Resonant Caustics. 

•  Single, large caustic with 
six cusps with size ∝ q1/3 

•  At fixed q, larger than 
central or planetary 
caustics → larger 
detection probability, 
longer duration. 

•  Caustic is “weak”. 
•  Precise shape depends 

sensitively on s → 
enhanced sensitivity to 
orbital motion. 

q = 0.001,  s = 0.90 −1.19,  Δs = 0.29
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Magnification Patterns. 



VI. Multiple Planets. 



General Triple 
Lenses. 

• Hard! 
• Parameters s1, q1, s2, q2, φ 
• Caustics - messy!  

– Self-intersection 
– Nesting 

• Lightcurves - complicated!  





Multiple Planets. 

• Mass ratios are small. 
•  Both planets are small perturbations to the 

overall lightcurve (or mapping). 
•  Therefore, can essentially be considered a 

superposition of two planets. 
• Makes understanding the properties of 

lightcurves by multiple planets much easier. 







(Gaudi et al. 1998)	




VII. Phenomenology. 



Goals. 
•  Why is a familiarity with the phenomenology of 

microlensing light curves important? 
•  Allows one to identify whether an observed 

deviation is:  
– Due to microlensing as opposed to other astrophysical 

or instrumental causes. 
– Due to a potentially interesting cause, i.e. planets. 

•  Knowing what is likely causing an anomaly helps 
to determine whether resources should be 
expended to collect more data. 



“Library” of 
Lightcurves. 

•  After staring at microlensing lightcurves for 
over a decade, I’ve built up a “library” of 
lightcurves in my head. 

•  Each lightcurve in this library is linked to the 
underlying set of parameters (planet mass 
ratio, planet/star separation, etc.) 

•  Since I haven’t figured out how to download 
this library into other people’s brains… 

•  Must identify another way of extracting and 
condensing this information. 



Lightcurve 
Phenomenology. 

Looking for deviations from the simple single 
lens curve. 

General considerations: 
1.  These deviations come in three basic types. 
2.  Likely sources of anomalies are finite and 

understood. 
3.  Although the phenomenology is rich, all microlensing 

lightcurves obey general rules. 
4.  Binary lenses can be almost completely understood 

by their caustics.  



Generic Single Lens 
Lightcurve. 

•  Smooth 
•  Symmetric 
•  Timescale ~ few-200 

days 
•  Magnification ~ 

1.5-1000 
•  For high magnification 

events, flux is 
proportional to time-1 



Rule #1. 

• Generic single lens lightcurves are smooth 
and symmetric, with no sharp changes in 
the flux as a function of time.  



Causes of Anomalies. 

There are a finite number of likely causes 
of deviations from the single lens form: 

1.  Roughly equal mass binary (~10%). 
2.  Parallax. (long timescale events) 
3.  Finite source. (high-magnification 

events) 
4.  Planetary companion.  
5.  Xallarap. (looks like parallax) 
6.  Binary Source. (rare) 



Rule #2. 

•  There are a finite number of likely causes 
of lightcurve anomalies, and the vast 
majority are due to equal-mass binary 
lenses for typical lightcurves.   



Lightcurve Anomalies. 

Come in three basic flavors: 
•  Short duration deviations in the wings of 

the lightcurve. 
•  Short duration deviations at the peak of the 

lightcurve. 
•  Long duration deviations (a significant 

fraction of the lightcurve timescale). 



Short Duration Deviations 
in the Wings. 

Planet	
 Binary Lens	
 Binary Source	


Short duration deviations in the wings are caused almost exclusively 
by:	

• Planets	

• Close binary lenses	

• Extreme flux ratio binary sources  	




Rule #3. 

•  Short duration deviations in the wings are 
likely due to planets, so should be 
monitored! 

(Note: deviations due to planets can be dips 
as well as bumps!) 



Short Duration Deviations 
at the Peak. 

Finite Source	

Planet	
 Close/Wide Binary	


Short duration deviations in the wings are caused almost exclusively 
by:	

• Planets	

• Finite source effects (symmetric)	

• Very close or very wide binaries.	
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Rule #4. 

•  Short duration deviations at the peak of 
high-magnification events are due to a 
small caustic, either the central caustic 
from planet or a wide/close binary. 



Long Duration Deviations. 
Binary Lens	
 Parallax	
 Binary Source	


Binary Lens	
 Planet	
 Xallarap	




Rule #5. 

•  Long duration deviations are generally not 
planets, but can be… so be careful! 



Rule #6. 

•  The phenomenology of lightcurves can be 
largely understood by examining the 
caustics. 



Rules #7-#9. 

• Caustics are made of folds and cusps, 
which have universal forms. 

•  Fold crossings come in pairs. 
• Cups have lobes of high-magnification that 

extend exterior to the cusp. 



Rule #10. 

•  Planetary and wide/close binary 
perturbations at the peak can be 
distinguished from the precise morphology 
of the deviation. 



Rule #11. 

•  Perturbations from resonant caustics are 
weak, long-lasting, and can show 
characteristic demagnification troughs. 



VIII. Examples. 



OGLE 2003-BLG-235/MOA 
2003-BLG-53. 
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OGLE-2005-BLG-390.	


(Beaulieu et al. 2006)	




MOA-2009-BLG-266. 

(B
en

ne
tt 

et
 a

l. 
in

 p
re

p)
	




OGLE-2005-BLG-071. 
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MACHO 99-BLG-47.	
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OGLE-2006-BLG-109. 
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OGLE-2006-BLG-109. 





Newton Basins. 

•  Complex polynomials can 
have some strange 
behaviors: 
–  If you polish roots with 

Newton’s method: 

– Can end up with some 
unexpected behavior if you 
are not very close to the root. 

zn+1 = zn −
f (zn )
ʹ′f (zn )


